Abstract. The packing of tetrahedra in face contact is well-known to be relevant to atomic clustering in many complex alloys. We briefly review some of the structures that can arise in this way, and introduce methods of dealing with the geometry of the polytope {3, 3, 5}, which is highly relevant to an understanding of these structures. Finally, we present a method of projection from S3 to E3 that enables coordinates for the key vertices of the collagen model of Sadoc and Rivier to be calculated.
Introduction: sphere clusters and tetrahedron packing
Four equal spheres can be placed so that each touches the other three. The regular tetrahedron whose vertices are the sphere centres then has 0.7796... of its volume occupied by portions of the spheres. This gives the Rogers bound [1] -an absolute upper bound to the density of any possible packing of equal spheres in Euclidean 3-space. It is unattainable because regular tetrahedra do not pack together without gaps. The densest packing of equal spheres is the well-known hexagonal close packing, with density 0.7405...
Motivated by the need to understand the atomic structure of various complex transition metal alloysnow known as "Frank-Kasper phases" -, Frank and Kasper [2, 3] investigated the possibilities of space filling by "almost regular" tetrahedra. The dihedral angle of a regular tetrahedron is about 70.5
• , so that five of them can share a single edge, leaving only a small gap which can be closed by reducing the length of the common edge until the dihedral angle at this edge becomes 72
• . We then have a pentagonal bipyramid with ten equilateral triangular faces. Replacing the five tetrahedra by centred truncated tetrahedra, the resulting cluster is one that has been identified as a structural subunit in many alloys with large unit cells [4] [5] [6] [7] . Similarly, twelve regular tetrahedra can share a single vertex; the gaps between them can be closed by a slight deformation. We get a regular icosahedron (whose centre to vertex distance is 0.951... of the edge length, so the deformation of the tetrahedra is quite slight). This corresponds, in the Frank-Kasper phases, to a central atom coordinated to twelve others. Coordination numbers 14, 15 and 16 correspond to triangular-faced polyhedra built from tetrahedra sharing a single vertex (13 a e-mail: lord@metalrg.iisc.ernet.in is not possible); the atoms in Frank-Kasper phases are located at the vertices and centres of various space filling arrangements of these polyhedra.
The duals of these structures are obtained by joining centres of every pair of tetrahedra in face contact. We get space-fillings by polyhedra with 12, 14, 15 and 16 faces (12 pentagons and 0, 2, 3 and 4 hexagons, respectively). They are the Voronoi regions of the vertices of the FrankKasper structures. Periodic structures with atoms at the vertices of these dual space fillings occur in clathrate hydrates [8, 9] . Figure 12 -8 of Pauling [10] shows the hydrogen bond framework of chlorine hydrate as a spacefilling of pentagonal dodecahedra and 14-hedra. This particular polyhedron packing led Weaire and Phelan to their discovery of a minimal area foam with a smaller area per unit volume than the previously known "best" solution of Kelvin [11, 12] .
Further considerations in this direction lead to the investigation of other possible types of clusters of equal, or nearly equal, spheres, of relevance (or potential relevance) to the structure of materials. A pair of overlapping icosahedra ( Fig. 1) constructed from 35 tetrahedra represents a 19-sphere cluster. This kind of cluster occurs in quasicrystals [13] and in crystalline structures with very large unit cells [14] . Extending the structure produces a tower of pentagonal antiprisms (Fig. 2) . Observe the ten polygonal helices, five left-handed and five right-handed, that wind around the structure with period ten. A cluster of four icosahedra each overlapping the three others in this way is indicated in Figure 3 . In this cluster every icosahedron shares a pentagonal bipyramid of five tetrahedra with each of the three others; a single tetrahedron in the middle is common to all four icosahedra. These clusters are the basic subunits γ-brass, in which they are arrayed on a bcc lattice [15, 16] . The cluster is built from 53 tetrahedra and has 26 vertices (22 on the surface and four inside). With rather more deformation they can be overlapped so that each shares an icosahedron with four others. This gives rise to a spacefilling of irregular tetrahedra, corresponding to a Laves phase -a Frank-Kasper structure with coordination numbers 12 and 16. The vertices are located at the vertices of the space-filling of tetrahedra and truncated tetrahedra [9, 17, 18] and at the centres of the truncated tetrahedra. There are three edge lengths (bond lengths) in the ratio √ 2:
The dual of the cluster is shown in Figure 4 . It is a set of four pentagonal dodecahedra, slightly deformed so that each makes face contact with the other three (the face angle of a regular dodecahedron is 108
• whereas the tetrahedral coordination angle required around the common vertex is 109.5...
• , so the deformation is slight. With this face angle at two opposite vertices of the dodecahedral unit the structure can be extended to an open network of dodecahedra with the symmetry of the 4-connected diamond net. Figure 5 shows a portion of this structure. The remaining space can be filled by another "D network" of 16-faced polyhedra.
Pearce [18] observed that if four icosahedra are placed in face contact with a regular tetrahedron, they can be deformed slightly, becoming oblate icosahedra, so that each makes face contact with the other three (Fig. 6 ). There are 81 tetrahedra and 34 vertices. Observe that, whereas in Figure 3 the icosahedra are twinned along fivefold axes, in the Pearce cluster they are twinned on threefold axes. These clusters occur in the Γ -phase of Fe-Zn, in which they are arrayed on a bcc lattice, each sharing three vertices with each of its eight neighbouring clusters [19] . The Pearce configuration can be extended to a D network open packing in which a regular tetrahedron is centred at each node and is linked to neighbouring nodes by oblate icosahedra (Fig. 7) . Coxeter [20] suggested a straightforward extension of the concept of a regular polygon. A regular polygon as usually defined is a cycle of vertices ...1, 2, 3, ... and edges ...12, 23, ... obtained from a single point by repeated action of a rotation. Coxeter's extension replaces "rotation" by the more general "isometry" (distance preserving transformation). A screw transformation generates a helical polygon (or polygonal helix), an infinite sequence of vertices ... −1, 0, 1, 2, ... and edges joining consecutive vertices. A Coxeter helix is a polygonal helix such that every set of four consecutive vertices form a regular tetrahedron [21, 22] . This produces a twisted rod of tetrahedra, the Boerdijk-Coxeter helix (Fig. 8) The B-C helix is generated from a single regular tetrahedron by repeated application of a screw transformation. Other possibilities readily suggest themselves: Pearce [18] illustrated a helical packing of octahedra ( Fig. 9 ) (its vertices are the mid-points of all the edges of a B-C helix) and one of icosahedra, Figure 10 (whose vertices are at golden mean positions on the edges of the helix of octahedra; it may also be arrived at by putting extra tetrahedra around a B-C helix). Figure 11 illustrates a helix of overlapping icosahedra in which every consecutive pair has the configuration shown in Figure 1 .
Geometry of the B-C helix
In matrix notation, an isometry in Euclidean space has the form
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where N is the skewsymmetric matrix
The right hand side of equation (2.2) is a consequence of the identity N 3 = −N . It is convenient to use a 4×4 matrix notation. Defining
The points in Euclidean 3-space with coordinates (0 0 0), (0 6) so that S gives us immediately, for the angle θ of rotation of the B-C helix (per edge of the type {1} helix) and the direction n of the screw axis,
The number of edges of the type {1} helix, per turn, is 2π/θ = 2.73119... The advance of the helix, per edge, is n·d, where d is any edge (e.g. [0 1 1]). Since we have chosen tetrahedra with edge length √ 2, we have the advance per edge, for a B-C helix of tetrahedra of unit edge length,
An isometry in E 3 is determined if four non-coplanar points and their four images are given, so the method is applicable to other helical towers of identical polyhedra.
The polytope {3, 3, 5}
Perfectly regular tetrahedra can be packed together in a spherical space S 3 . On a hypersphere embedded in Euclidean space E 4 the vertices are those of the regular polytope {3, 3, 5}. It follows that various of the clusters discussed above, built from slightly irregular tetrahedra, exist in this polytope without any irregularity. The polytope {3, 3, 5} has 120 vertices, 720 edges, 1200 equilateral triangular faces and 600 regular tetrahedral cells [22] . There are 5 tetrahedra around every edge and twelve around every vertex (forming a regular icosahedron). From these facts, the information contained in the incidence matrix below is easily deduced. The off-diagonal element ij gives the number of (j−1)-dimensional "facets" contained in or containing each (i − 1)-dimensional facet :   120 12  30  12  2  720  5  5  3  3  1200  2  4 6 4 600
A standard set of coordinates for the vertices is given by all the even permutations of
where τ is the golden number, τ = (1 + √ 5)/2 and σ = −τ −1 = (1− √ 5)/2 (i.e., τ and σ are the roots of λ 2 − λ − 1 = 0). The radius of this {3, 3, 5} is 1 and its edge length is 1/τ .
The vertices, of course, all lie on the hypersphere (S 3 ) 
In the spherical representation of the polytope the edges, faces and cells are projected onto this S 3 . The edges are then represented by arcs of great circles. A way of visualising the polytope is as follows [22] . Take a single vertexfor convenience, (1 0 0 0) -as a "centre" and consider the successive "shells" of vertices that surround it. The first shell is an icosahedron, then 12 vertices lying over the faces of the first shell form a regular dodecahedron. The third shell is another, larger icosahedron. So far, the sequence is the same as the sequence of shells of atoms in the Bergman cluster [25] . The vertices of the next shell all lie on a great sphere of the S 3 (in the lower dimensional analogy, the "centre" would be, say, the north pole. We have arrived at the equator). This great sphere contains 30 vertices, forming an icosidodecahedron (i.e. the Archimedean polyhedron whose vertices are all the midpoints of edges of an icosahedron. Its triangular and pentagonal faces are arranged in the pattern (3.5.3.5) around the vertices). The sequence of shells thereafter goes in reverse order, till we reach (−1 0 0 0) (the "south pole"). Table 1 gives, for each shell, the x 0 coordinate of its vertices, its distance d from the (1 0 0 0) measured in E 4 , and its distance α measured in S 3 .
In the following section it will be convenient to have names (labels) for the vertices of the equatorial icosidodecahedron. Our labelling system is given by Table 2 , which lists, for each vertex, the coordinates 2x 1 , 2x 2 , 2x 3 (as a column).
The vertices diametrically opposite those listed may be denoted by attaching minus signs to the labels. The labelling of the icosidodecahedron is illustrated in Figure 12 .
Observe that the edges and vertices of an icosidodecahedron lie on six planar decagons. In the spherical representation, these decagons are great circles. The {3, 3, 5} contains 72 of them -corresponding to 72 great circles in S 3 . It is not difficult to deduce that the vertices, great circles and great spheres in the spherical representation of {3, 3, 5} constitute a configuration described by the following incidence matrix: 
Rotations and double rotations in E 4
Euclidean transformations in E 4 about a fixed origin (equivalently, rotations of S 3 ) are most simply and elegantly expressed in terms of quaternions. "Real" quaternions are essentially sets of four real numbers q = (q 0 q 1 q 2 q 3 ) = (q 0 , q), with the multiplication law
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The conjugate of a quaternion q isq = (q 0 , − q), its norm is=qq = q 2 0 + q
, and its modulus |q| is the square root of the norm. The unit quaternion is (1 0 0 0) and every non-zero quaternion has an inverse q −1 =q/|q|. Writing the coordinates of points in E 4 as quaternions x = (x 0 x 1 x 2 x 3 ) = (x 0 , x), the Euclidean transformations, keeping the origin fixed are the double rotations
where p and q are quaternions of unit norm. The corresponding orthogonal 4 × 4 matrix is
where
The quaternions p and q can be written as In their action on a hypersphere S 3 , centred at the origin of E 4 , they have no fixed points (this phenomenon has no analogue in E 3 : every rotation of a sphere S 2 has two fixed points). This observation leads to the concept of a Hopf fibration [16, 26] of S 3 . For any given point x in S 3 , a transformation x → px generates a great circle in S 3 , parametrised by the variable θ. For fixed n, we can generate a great circle through every point x of S 3 . This set of circles constitute a left Hopf fibration. Obviously, no two of the circles can intersect. In fact, every pair of circles is linked! The circles are the fibres of the fibration. Similarly, right Hopf fibrations are defined in terms of the transformations x → xq.
Rotational symmetries of {3, 3, 5}
The symmetries of {3, 3, 5} are transformations of the form (4.3) for which the components of p and q are permutations of the coordinate sets (3.1). We get a group of or- 
on the position vectors. Since p 5 = −1, R has order 10, so it generates decagons. The repeated action of R on any vertex of the polytope generates a decagon of vertices lying on a fibre.
The twelve fibres can be visualised in terms of a stereographic projection of S 3 to E 3 . Since E 3 is the space in which we live, configurations in it are more easily imagined. Moreover, circles in S 3 are mapped to circles (or straight lines) in E 3 and spheres are mapped to spheres (or planes). Let us project from (−1 0 0 0) to the hyperplane (E 3 ) x 0 = 0.
Starting from vertex 6 (0 0 0 1) and applying the transformation R repeatedly we get the sequence of ten vertices around the perimeter of Figure 12b -lying on a great circle A. Starting from (1 0 0 0) we get a great circle Bwhich in the stereogram is a line perpendicular to the page passing through the middle of the figure, containing none of the vertices of the icosidodecahedron. The remaining 10 fibres are obtained by repeated application of R to the remaining ten vertices of the icosidodecahedron. They are circles that pass through a pair of diametrically opposite vertices of the icosidodecahedron.
Similarly, a fibration x → xq with ϕ = π/3 (so that q 3 = −1) gives a transformation of order six that assigns the 120 vertices of the polytope to 20 fibres with six vertices on each. The hexagon edges, however, are not edges of the {3, 3, 5}.
The Boerdijk-Coxeter helices in {3, 3, 5}
Consider the effect of repeated action of The geometrical situation can be explored further. The fibres of a Hopf fibration are parallel (i.e., any two maintain a constant S 3 distance from each other). Each of the twelve fibres associated with the decagons of {3, 3, 5} has five nearest neighbours. Figure 13 is a representation of this nearest neighbour relationship. The twelve fibres are represented as the twelve vertices of an icosahedron and the icosahedron edges represent the nearest neighbour relationship. (N.B.: this icosahedron has nothing to do with the icosahedral shells of the polytope. In the mathematical terminology it is the base space of the fibre bundle [26] .) For every triangular face of this icosahedron there is a B-C helix whose type {3} helices are three decagons of the polytope. Thus {3, 3, 5} consists of twenty toroidal B-C helices packed together, wrapped around each other.
The collagen molecule as four B-C helices: the Sadoc-Rivier model
Sadoc and Rivier [27] have recently suggested a fascinating model for the structure of collagen. Their claim is that the central core of hydrogen bonds is essentially a B-C helixthus, a close-packing arrangement -formed by wrapping three peptide chains around it. The covalent "backbones" of these peptide chains are themselves type {2} helices of three B-C structures twisted around each other like the strands of a rope. Sadoc and Rivier describe the configuration in terms of the properties of {3, 3, 5} that we have described above.
The structure can be represented in {3, 3, 5} by four B-C structures such as 123, 157, 2A4 and 39B in Figure 13 . When this is mapped to E 3 , the fact that the type {2} and type {1} helices of a B-C structure are oppositely handed corresponds to the fact that the peptide chains in collagen are left-handed and twist around each other in a right-handed sense [28] . Identifying them with type {2} helices also fits well with the observed pitch of the polyproline helix, which is about twice that of a type {1} Coxeter helix.
Mapping S 3 to E 3
Close-packed arrangements of equal spheres has a perfection in S 3 that is impossible in E 3 . The various clusters built from irregular tetrahedra, discussed in Section 1, or the equivalent clusters of equal or nearly equal spheres, exist in S 3 without any irregularity. To obtain realistic models of E 3 structures from the elegant geometry of {3, 3, 5} the polytope has to be mapped in some way, by "unfolding" it or by a projection method [29] [30] [31] [32] [33] .
The problem is analogous to the problem traditionally faced by cartographers, whose task is to map S 2 (the surface of the earth) to E 2 (the page of an atlas). Distortion is inevitable. The projection method employed in any particular case is chosen to preserve some particular property, dictated by the purpose of the map.
Spherical space S 3 can be parametrised by three angular variables (analogous to longitude and latitude, for S 2 ):
Observe that Φ → Φ + α is a rotation in the (0 3)-plane and Ψ → Ψ + β is a rotation in the (1 2)-plane. In terms of quaternions, these transformations are respectively x → pxp and x → pxp, with p = (cos(α/2), 0, 0, sin(α/2)). It follows that, in terms of these polar coordinates,
is a left Clifford translation and
is a right Clifford translation. (In terms of quaternions, x → px and x → xq, respectively, with p or q of the form (cos γ, 0, 0, sin γ)).
To obtain a realistic model for the collagen structure by projection from the corresponding structure in {3, 3, 5} a mapping is required that maps great circles of a Hopf fibration of S 3 to helices in E 3 . In terms of the polar coordinate system given by (8.1), a mapping with this property exists that has a remarkably simple form. Let ρ, ϕ, z be the coordinates of a cylindrical coordinate system in E 3 . Then the mapping from S 3 to E 3 given by
has the following properties. The fibres of the left translation (8.2) all lie on toruses Θ = const. and are mapped to helices that wind around the z-axis (which is itself the image of the fibre Θ = 0). Distances along the z-axis and radial distances from the z-axis represent accurately the corresponding distances in S 3 . The projection is a generalisation to higher dimensions of Mercator's projection from S 2 to E 2 , which represents distances along the equator and along lines of longitude accurately to scale, while stretching out of lines of latitude increases in severity as one moves away from the equator. We now choose the position of a {3, 3, 5} in S 3 so that all the vertices of one of its B-C helices lie on a torus Θ = const. (and hence the projected vertices in E 3 all lie on a cylinder whose axis is the z-axis). The minus sign in (8.4) ensures that the type {1} helix will be right-handed.
We have seen that the 30 vertices of a type {1} helix in S 3 are generated by a transformation P 2 Q, where P is a left translation with angular parameter π/5 and Q is a right translation with angular parameter π/3. It follows from the prescriptions (8.2, 8.3 ), that such a transformation is given by In principle, the positions of all 120 vertices of a {3, 3, 5} can be computed from this formula, if the positions of the three vertices of a single triangular face are given.
The central type {1} helix obtained by the projection of {3, 3, 5} employing (8.4) is an almost exact Coxeter helix: the number of edges per turn is 30/11 = 2.727, instead of 2.731. The structure is periodic − the type {3} helix has exactly 10 edges per turn. a slight "untwisting" of this structure is still required if a realistic model of the collagen model is to be obtained. We apply a further transformation of the form ϕ → ϕ + kz. the parameter k adjusts the pitch of the type {3} helices of the central B-C structure, and is chosen so that about ten glycines per turn occur along each type {3} helix of the core, as in the actual molecule. This untwisting transformation introduces very slight additional deformation of the central B-C helix, but lessens the inevitable distortion of the three outer B-C helices.
The illustrations of the geometrical basis for the SadocRivier collagen model, shown in Figure 14 , resulted from computation based on (8.6, 8.7) , and the mapping (8.4), followed by the untwisting transformation. The coordinates were calculated for just seven vertices of the structure, corresponding to a tetrahedron of the core and two belonging to outer structure. All other vertices are obtained by applying a screw transformation. The 3D graphics facility of Brakke's software "Surface Evolver" [34] produced the pictures.
